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ABSTRACT

Matched subspace detection (MSD) is a powerful tool recently gen-
eralized from Euclidean data to graph signal processing. However,
existing graph-based MSD methods are often limited by assumptions
of known noise variance and by overlooking the statistical properties
of the graph Fourier transform (GFT) coefficients thereby limiting
practical applicability. To address these gaps, this paper introduces
two novel generalized likelihood ratio (GLR) tests for graph-based
MSD. The first-order GLR test operates without knowledge of the
noise variance and the GFT coefficients by estimating them via max-
imum likelihood. The second-order GLR test further incorporates a
Gaussian prior on the GFT coefficients, yielding a more powerful
and comprehensive statistical model. Experimental results demon-
strate that our proposed detectors are robust and effective, particu-
larly in challenging noisy scenarios, highlighting their importance
for detection tasks in graph signal processing.

Index Terms— Generalized likelihood ratio test, graph signal
processing, matched subspace detection, maximum likelihood esti-
mation

1. INTRODUCTION

Matched subspace detection (MSD) is a fundamental signal process-
ing tool developed to determine whether a signal resides within a
specific subspace [1]. Its effectiveness has led to widespread adop-
tion in diverse fields, such as medical imaging [2], hyperspectral
imaging [3], and communications [4].

Traditionally, MSD has been applied to data with an underlying
Euclidean structure, such as images or space-time series. However,
the irregular structure inherent in much real-world data is better cap-
tured using graphs [5], for instance for brain activity patterns [6], so-
cial networks [7], or sensor measurements [8]. Consequently, there
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is an increasing interest in adapting MSD for graph-based tasks. For
instance, [9] formulated an MSD problem to identify the underlying
graph topology for smooth or bandlimited signals, while [10] de-
veloped detectors to select which of two candidate graph topologies
best fits an observed signal. Other notable work includes a blind de-
tector for graph topology changes [11] and an extension of MSD to
higher-order topological structures [12].

Despite these advances, existing methods suffer from key lim-
itations that hinder their practical deployment. First, they typically
assume that the noise variance is known, a condition rarely met in
real-world applications. Second, they often neglect potential prior
statistical information about the graph Fourier transform (GFT) co-
efficients, missing an opportunity to enhance detection performance.

To address these limitations, we propose two novel generalized
likelihood ratio (GLR) tests for the graph topology MSD task. The
first-order GLR test tackles the issue of unknown noise by estimat-
ing its variance via maximum likelihood estimation (MLE). Con-
trary to the first-order GLR that assumes deterministic, but unknown,
GFT coefficients, the second-order GLR test incorporates a Gaussian
prior on the GFT coefficients, creating a more powerful statistical
model that accounts for both unknown noise and signal characteris-
tics. Our experimental results verify that these methods are effective
and robust, confirming their value in practical applications.

2. PROBLEM FORMULATION AND PREVIOUS
APPROACHES

This work addresses the problem of selecting the true underlying
graph structure for a signal from a pair of candidate graphs, where
the assumption is that the observed signal is a low-pass graph signal
corrupted by additive white Gaussian noise.

To properly define low-pass graph signals, we shall now review
basic GSP concepts and introduce the required notation. For more
details, we refer the reader to [13,14]. We consider a weighted undi-
rected graph G = (V, €), where V is the set of N nodes and £ is
the set of links, such that the pair (7, j) belongs to £ if there ex-
ists a link from node ¢ to node j. The structure of the graph is
captured by the adjacency matrix, A € RY*Y | which is a sparse
matrix with the non-zero entries associated to the elements in £.
Moreover, for a given G, we can define a graph signal as the vec-
torx = [z1,...,2N5]T € RY, with 2; representing the signal value
at node <.

The graph Laplacian is [13]

L = diag(A1l) — A = Udiag(\1, ..., \n)U”,
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where A\, ¢ =1,..., N, with A\; < A1, are the graph frequencies.
The eigenvectors of the graph Laplacian can be used to define the
GFT and inverse GFT, which are given by
x =UTx, x = Ux,

respectively. Hence, a low-pass graph signal of bandwidth F' is
defined as x Urxr, where U = [U}- Uﬂ, with Ur €
RYF Uz € RYX(N=F) "and % 7 are the GFT coefficients. Note
that U and U z are orthonormal bases for orthogonal subspaces,
ie,UrUr =1p,ULUz =In_p,and UZUz = 0.

Based on this signal model, the question of whether an observed
signal has been generated from graph Go or G; can be formulated as

Hi:y=Uzr1Xr1+n,

Ho:y =UroXro+n, M

where n ~ N (0,0°Iy), with unknown o2, is additive white

Gaussian noise, U r ; contains the eigenvectors associated with the
F' smallest eigenvalues of the known graph Laplacian L;, corre-
sponding to graph G;, and X ; denotes the unknown GFT in G;
of the signal.

The detection problem in (1) has been previously addressed in
[9]. Concretely, without prior information, the GLR test derived in
that work is [9, Equation (17)]
7'¢>0
o

2
| ¥,

Tomsp = |70l = IF71 11> = 152101 = IF7.0

where yr; = U;,iy andyz, = U; ,¥. Nevertheless, as we will
show in the next section, Tsmsp i not the GLR for unknown noise
variance, but for known variance . This is easy to verify since, for
unknown o2 and XF,i, the detection problem in (1) is invariant to
scalings, and Tsmsp is not.

3. DERIVATION OF THE GLRS

This section derives the GLR tests for the hypothesis testing prob-
lem formulated in (1). Although GLR tests are not generally Uni-
formly Most Powerful (UMP), they are widely adopted for their
mathematical tractability and robust performance [15]. We con-
sider two distinct modeling assumptions for the coefficient vectors
{XF,i}icfo,13: first, that they are deterministic unknown parame-
ters; and second, that they are random vectors governed by Gaussian
prior distributions. Following the nomenclature in [16], we desig-
nate these frameworks as first-order and second-order GLRs, respec-
tively.

3.1. First-order GLR

For deterministic GFT coefficients and Gaussian noise, (1) can be
more formally formulated as

H1 Ly ~ NN(U]:71}~(]:71,0'2IN),

N 2
Ho:y ~ Na(Urokro,c’Iy), @

which is similar to the MSD problem in [1]; the only difference being
that in [1] the null hypothesis contains only noise. The GLR test for
(2)is

max f(i}-,l,UQ;y)

xF,1,02 U(xFri1,01;y) "

A= S A )
~max2£(x]:,0,a ;y) E(XF,OMTO;)’) Ho
XF,0,0
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where % F,: and &2 are the maximum likelihood (ML) estimates of
the parameters under hypothesis ¢ and £(X 7, 02;y) is the corre-
sponding likelihood given by

'}

Let us first obtain the ML estimate of X ; by setting to zero the
derivative of log /(X 7.;,02;y) with respect to X ;, which yields
fc}-,i = U?iy. Plugging now ):(]-"»L' back into the log-likelihood,
and maximizing this compressed log-likelihood, the ML estimate of
o® becomes 67 = +y' Pz ,y, where Pr; = Uz U%, is the
orthogonal projector onto the subspace spanned by the columns of
Ur,; and P;i = Iy — Pr; is the complementary projector.

Taking into account these ML estimates, the GLR test in (3)
becomes

- 1 1 -
U(XF., o’ y)= m exp {_T,z”y = UrixF,il

AN yTPﬁ,Oy _ ”5’]7,0H2 7;1 ~
- T < b
! yTP‘J}:,ly ||y_7?,1|‘2 Ho
where we have used P}L = U]T-yiU; ;- This shows that A; and

Tswmsp are both functions of ||y 7 o||* and ||y 7 ;||* but the functions
that fuse these energies are different. In fact, it could be shown that
if in the previous steps we did not estimate o2 and consider it known,
we obtain Tsmsp. Nevertheless, although Tsvsp does not depend on
o2, its distribution does. Further comments will be made about this
in the following section.

3.2. Second-order GLR

This section considers that X ; is an unknown stochastic signal dis-
tributed as 5(}‘,2' ~ NF(O, Di), with D; = diag(di,h e di,F)
being its covariance matrix. Hence, the detection problem in (1) can
be formulated as

Hi:y ~Nn(0,Ry),

Ho -y ~ N (0, Ro), )

where R; = U]—‘,iDiU?;yi + 021 is the covariance matrix under
hypothesis 4, with D; and ¢ unknown.
The GLR test for the second-order detection problem in (4) is

max L(Dy,0%y)

D, 5(]5175725)’) H>1
= 3. = 2N N <
max £(Do,0%y)  ¢(Dy,62;y) Ho

Dg,02

where £(D;, o%;y) is the likelihood under the ith hypothesis given

by
y) .

Computing the inverse and determinant of the covariance matrix, the
log-likelihood becomes

1 _
—*yTRi 1

UD;, 0% y) =
(Di,0%3y) 3

S S (
(2m)N det(R,) P

F
2.y N 2 1 7
log¢(D;,0%y) = -3 log(2mo”) — 5 ngzl log(din + 1)
s |am)?
1 Yri 5
_ LI V£ 5
20_2 nz::l di,n ¥ 1 + ||y.7:,1|| ) ( )

where g;_?z is the nth component of y = ; and Jim = di,n/az. Then,

we will obtain the compressed likelihoods by estimating d;,, and 2,
instead of d; ,, and 0.
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Now, we will follow an approach similar to [17] to obtain the
ML estimates of d;,,, and o2 First, setting the derivative of (5) with
respect to o to zero yields

(& |5 ’
~2 ot ~ 2

—— 4 - . 6
=y | g e ©)

Typically, we would plug 62 into (5) to obtain the compressed log-
likelihood and maximize it with respect to the remaining parameters
{d;,»}E_,. This approach, however, yields a complicated nonlinear
function that cannot be optimized in closed form. To avoid this issue,
we will optimize (5) with respect to d; ,, to obtain

_(n)|?

o y]:,i

di.n = max = —1,0]. @)
o

The ML estimates in (6) and (7) are coupled: (6) depends on J,-,n
and (7) depends on o2. Then, substitute (7) into (6) to get

F
2
N&? = Zmin (‘Q;"Z .67
n=1

> + 172407, (8)

which depends now only on &2, but in a non-linear fashion with no
closed-form solution. However, similar to [17], we can propose a
simple algorithm to solve (8). Concretely, [17] proposes to rewrite
(8) as f1(6%) = f2(6?), where

fi(6%) =

P
— 3 min (‘y}”)
n=1

N&* — |57l
2 A2>
,07 .

Thus, 62 is obtained as the intersection between an affine function,
f1(62), and a piecewise-linear one, f2 (&), and this intersection was
shown to be unique [17]. Before proceeding, let us denote by g; the
unique integer that satisfies

.2
Wi,gq;4+1 < 67 < Wiy, ©))

, and

gy

where w; », is the nth largest value among ‘g}l,)l

Fi
define w;,0 = oo and w; p41 = 0. Moreover, we define .%; as the
set of frequencies that correspond to the F' — ¢; smallest values of

(n) and .%; is the set containing the remaining ¢; frequencies.

o)
Taking these definitions into account, the ML estimate of the noise
variance is

+[l72.40° (10)

ok (S

neF;

where N;, = N — qi. Note that, contrary to the first-order model
ML estimate that only uses the out-of-band energy, (10) could also
take into account weak in-band components. To obtain ¢;, we must
sweep it from F' to 0, compute (10), and keep the value fulfilling (9).
Plugging back (10) into (7), we get the ML estimator of d;_,,, which
allows us to obtain the compressed likelihood under ;.
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Fig. 1. Probability of missed detection vs. SNR for ps, = 1072 in
a scenario with 7 = 0.1, and two different cases for F'. 1) Dashed
line: F' = 30; 2) Solid line: F' = 20

Equipped with both compressed likelihoods, the GLR test be-
comes

No
2
{ (||yf02+ > |5 )] IT [3%3]
A n€Fo nejo Hi

2 = >'y.

‘y(n)
{ (||yf12+ > |3 )] ne %1
neF

4. NUMERICAL RESULTS

4.1. Synthetic data

In the following experiments, we have considered Watts-Strogatz
networks with N = 100 nodes and Xr,; ~ Nr(0,D;). Under
H 1, the mean node degree is 2Ky = 40 and the rewiring probability
is 1 = 0.2, whereas under Ho, these parameters are 2Ko = 12
and Bp = 0.1. Similar to [18], we have considered that d;,, =
a"',n=1,...,F. Of course, this exponential profile is a simpli-
fication, but it allows for an insightful comparison and an easy way
to control the spectral flatness, defined as

1/F

(Hf:l div")
= -—"T<r ,

% Zn:l di
which will be a critical parameter for determining the performance of
the detectors. The case of 7 = 1 corresponds to a white signal (that
is, flat spectrum), whereas small values of 7 correspond to colored
signals with a highly asymmetric spectrum. Moreover, the signal-to-

noise ratio is defined as

F
di n
SNR (dB) = 10log,, (21_1) .

i=0,1,

02N

The first experiment considers a scenario with 7 = 0.1, and two
different bandwidths: F' = 30 and F' = 20. Fig. 1 depicts the
probability of missed detection, p,,, vs. SNR for a probability of
false alarm ps, = 103, As this figure shows, for this example with
highly asymmetric power profile, the second-order GLR, A2, per-
forms better than the first-order GLR, A1, and Tsmsp, although the
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Fig. 2. Probability of missed detection vs. SNR for p, = 107> in
a scenario with 7 = 0.5, and two different cases for F'. 1) Dashed
line: ' = 30; 2) Solid line: F' = 20.

performance differences are small. Moreover, the effect of increas-
ing the bandwidth from F' = 20 to F' = 30 is not too severe.

The second experiment considers a similar scenario where the
only difference is the spectral flatness, which is now n = 0.5. In this
case, we can observe in Fig. 2 that the order of the different detectors
has reversed, and now A; and Tsmsp outperform A>. Nevertheless,
the performance differences are also negligible. Similar conclusions
can also be drawn regarding the effect of increasing the bandwidth
and the order among A; and Tsmsp.

In the two previous experiments, as we already pointed out, we
have seen that 7 is a critical parameter that determines the perfor-
mance of the detectors. In this experiment, we corroborate this be-
havior by evaluating the probability of missed detection against 7
for pyo = 1072 in a scenario with SNR = 0 dBs and F' = 30.
The results, which are depicted in Fig. 3, show that for small val-
ues of 7 the second-order GLR presents the best performance, but it
is outperformed as 7 increases. Additionally, this figure also shows
the results when X = ; is drawn from a Laplacian distribution instead
of a Gaussian one. The motivation for this new experiment is to
show that the previous insights hold for other distributions different
from the Gaussian, which was the one used in the derivation of the
second-order GLR.

One final comment is in order. Based on these experiments,
one could conclude that Tsmsp should be the detector of choice. It
presents a slightly better performance than A; for large n and only
slightly worse than A for small 7. However, the distribution under
Ho of Tsmsp depends on o2 and X 7,0, which are unknown; a prob-
lem shared by A that requires the prior of X . On the contrary,
the null distribution of A; does not depend on neither o2 nor Xz o.
That is, A1 is a constant false alarm rate (CFAR) detector.

4.2. Real-world data

In this experiment, we evaluate our method on the Molene dataset,
which consists of hourly temperature records from 37 weather sta-
tions around Brest, France, spanning 744 hours [19]. Under H,o, the
graph is constructed by connecting pairs of stations based on a dis-
tance threshold, while the signal corresponds to the original temper-
ature data. Under 1, the graph is perturbed via random rewiring,
and the signal is generated according to the perturbed topology using
the same GFT coefficients as under Ho.
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Fig. 3. Probability of missed detection vs. 7 for ps, = 107 in a
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Fig. 4. ROC of three different detectors for the Molene dataset

The receiver operating characteristic (ROC) curves are depicted
in Fig. 4, which shows that all three detectors are capable of identi-
fying the underlying graph, as the temperature data exhibits smooth-
ness. Both, the first- and second-order GLR detectors outperform
Tsmsp, probably due to the absence of explicit knowledge about the
noise variance in the signal.

5. CONCLUSIONS

In this paper, we have developed two MSD for graph-based data:
first-order and second-order GLR tests. By addressing the limita-
tions of prior methods, such as reliance on known noise variance and
overlooking the statistical properties of graph Fourier transform co-
efficients, our proposed solutions offer improved generalization and
robustness. The first-order GLR estimates the graph Fourier trans-
form (GFT) coefficients and the noise variance via maximum like-
lihood, while the second-order GLR leverages Gaussian-distributed
GFT coefficients for richer statistical modeling. Experimental re-
sults demonstrate the effectiveness of both methods.
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