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Abstract—We present a scheme for determining the number
of signals common to or correlated across multiple data sets.
Handling multiple data sets is challenging due to the different
possible correlation structures. For two data sets, the signals
are either correlated or uncorrelated between the data sets. For
multiple data sets, however, there are numerous combinations
how the signals can be correlated. Prior studies dealing with
multiple data sets all assume a particular correlation structure. In
this paper, we present a technique based on a series of hypothesis
tests and the bootstrap, which works for arbitrary correlation
structure. Numerical results show that the proposed technique
correctly detects the number of correlated signals in scenarios
where the competition tends to overestimate.

Index Terms— Bootstrap, correlated signals, data fusion,
hypothesis testing, model-order selection, multiple data sets.

I. INTRODUCTION

Knowing the association and relationship between multiple
data sets is useful for numerous applications in various fields.
In biomedicine, for instance, each brain imaging modality (like
EEG, fMRI and sMRI) provides a unique way of understand-
ing the brain. EEG measures the brain activity at high temporal
resolution, while the functional and structural MRI techniques
acquire the brain data at high spatial resolution. Effective
fusion of complementary data from these modalities helps gain
insights into the brain and its associated diseases at a highly
resolved spatial and temporal scale [1], [2]. Estimating the
number of signals (or sources) correlated across the modalities
prior to the source separation step ensures that the fusion
process does not consider any unrelated signal components.
As another example, in image processing, identifying objects
observed by different spatially separated cameras is useful
for many tracking applications [3]. Other applications include
genomics, climate science, and array processing [4]–[6].

In signal processing, “model order” is the term used for
the dimension of a parameter vector, i.e., the number of
parameters, of the data model [7]. When dealing with two
or more data sets, one particularly important model-order
selection problem is to detect the dimension of the subspace
common across multiple data sets. In this work, we consider
the second-order moment, i.e., correlation, as a measure of
commonality. In the literature, model-order selection for mul-
tiple data sets has not yet received the attention that it deserves.

While the problem with two data sets has been dealt with in
numerous works [8]–[10], only a few studies have addressed
this for multiple data sets [6], [11]–[13]. Moreover, all of the
work for multiple data sets assumes a particular correlation
structure among the signals. In [6], [12], the authors assume
that the signals correlated across any two data sets are also
correlated across all remaining the data sets. Our work in [13]
tried to slightly relax the above assumption by allowing the
signals correlated between any two data sets to be uncorrelated
among all remaining data sets. When these assumptions are
not satisfied, all these techniques typically overestimate the
number of signals correlated across all data sets.

The main challenge when dealing with multiple data sets
is the number of possible correlation structures among the
latent signals. For two data sets, this problem does not arise
as the individual signals are either correlated or uncorrelated
between the data sets. For multiple data sets, however, there
are numerous combinations how the signals can be correlated.
Some signals might be independent among the data sets, while
some are shared only among a subset of all data sets. There
can also be signals correlated across all the data sets. In this
paper, we are interested in those signals that are common
or correlated across all data sets and not the ones that are
correlated only among a subset of data sets. We address this
problem without assuming any particular correlation structure
between the signals. To the best of our knowledge, no alter-
native approach that works for arbitrary correlation structure
has yet been presented in the literature.

Our program for this paper is as follows. After defining the
problem in Section II, we show in Section III that the rank
of the product of coherence matrices (which are normalized
cross-covariance matrices) of all possible pairs of data sets is
equal to the number of signals correlated between all the data
sets, provided the SNR is sufficiently large. The problem thus
comes down to estimating the rank of this product of matrices.
For this, we employ a standard procedure based on a series
of binary hypothesis tests [14], [15], described in Section IV.
Since the distribution of the utilized test statistic under the
null hypothesis is difficult to derive analytically, we estimate
it using the bootstrap technique. The bootstrap is a resampling
technique that has been applied to solve numerous signal
processing applications like bias estimation, estimation of
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Fig. 1: Example for three data sets for the correlation structure
assumed in [6], [12]. Arrows indicate correlated components
of source signals. Here, d12 = d23 = d31 = d = 2.

confidence intervals, and hypothesis testing [16]–[18]. Finally,
in Section V we show in simulations that our detector can
reliably detect the number of signals with arbitrary correlation
structure whereas other competing methods fail.

II. PROBLEM FORMULATION

We consider L zero-mean complex-valued data sets (vec-
tors), x1, . . . ,xL, with dimensions m1, . . . ,mL respectively.
Without loss of generality, it is assumed that m1 ≤ m2 ≤
. . . ≤ mL. The generating signal-plus-noise data model is

xi = Aisi + ni, i = 1, 2, . . . , L, (1)

where Ai ∈ Cmi×Qi is an unknown but fixed mixing
matrix with full column rank, si ∈ CQi is a zero-mean
complex source signal vector containing an unknown number
Qi (< mi) of independent source signals, and ni ∈ Cmi is a
zero-mean complex noise vector independent from all source
vectors. Without loss of generality, the source covariance
matrix is Rsisi = E[sis

H
i ] = IQi , where IQi is an identity

matrix of size Qi. The noise covariance matrix Rnini
=

E[nin
H
i ] is unknown and possibly colored. However, noise

vectors of any two data sets are assumed to be uncorrelated,
E[nin

H
j ] = 0, for i 6= j. The cross-covariance matrix between

two source vectors, Rsisj = E[sis
H
j ], is the correlation-

coefficient matrix whose entries on the main diagonal, ρ(q)ij , are
the correlation coefficients between the qth elements of source
vectors si and sj . Entries other than on the main diagonal of
Rsisj are zero.

There is an unknown number, dij , of sources correlated
between the ith and jth source vectors, corresponding to the
dij nonzero entries of Rsisj . However, only d sources are
correlated across all the data sets. The goal of this work
is to estimate the unknown dimension d. Prior works [6],
[11], [12] have assumed dij = d ∀(i, j) ∈ {1, . . . , L},
i 6= j. As an example for a correlation structure that satisfies
this assumption, consider the scenario in Figure 1 where
the source vectors of three data sets, s1, s2 and s3, each
have five independent source signals. The source vector s1 is
repeated again in the last column to illustrate the correlation
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Fig. 2: Example of a correlation structure for three data sets
with d12 = 2, d23 = 3, d31 = 2, and d = 1, not satisfying
the assumptions in [6], [12], [13]. Arrows indicate correlated
components, and red arrows indicate components correlated
across all data sets.

between the sources in s1 and s3. The first two components
of each source are correlated among each other. Therefore,
d12 = d23 = d31 = d = 2.

In this work, we allow dij to be different for different pairs
of data sets and also different than d. Our work in [13] also
allows this case but still makes the simplifying assumption
that the components correlated between one pair of data sets
are either (i) correlated with all remaining data sets or (ii)
uncorrelated with all other remaining data sets. Now consider
the scenario in Figure 2, where the first components of each
source, s(1)1 , s(1)2 and s

(1)
3 are correlated among each other.

This is the subspace of interest to us. The other sources are
either only partially correlated or uncorrelated among the data
sets. Therefore, the number of source signals correlated among
all three data sets is just one, even though there are further
source signals correlated between individual pairs of data sets.
None of the works mentioned above address this case. For
more than three data sets, the number of possible correlation
structures increases rapidly, which makes it clear that we
require a detector that works for an arbitrary correlation
structure.

III. PRODUCT OF COHERENCE MATRICES

The motivation behind our proposed method is that the rank
of the product of all possible source cross-covariance matrices
is equal to the number d of correlated sources,

rank
(∏

i,j

Rsisj

)
= d. (2)

Here, the indices i and j are chosen in such a way that all
L(L − 1)/2 source cross-covariance matrices are considered
at least once, and the dimensions of the matrices match. This
is explained in detail in the appendix. For instance, for three
data sets with correlation structure shown in Figure 2, where
d = 1,

rank
(
Rs1s2Rs2s3Rs3s1

)
= 1.
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However, the true sources are unobservable and d has to
be estimated from the observed data. The coherence matrix of
two data vectors xi and xj is their normalized cross-covariance
matrix and is defined as Cij = R

−1/2
ii RijR

−H/2
jj [19]. Here

and in the following, Rij = E[xix
H
j ]. We will now show that

the rank of the product of coherence matrices for all possible
pairs of data sets is also approximately equal to d, provided
that the SNR is large enough. That is,

rank
(∏

i,j

Cij

)
≈ d, (3)

where the indices i and j are chosen as described by the
procedure in the appendix. We now prove (3) for three data
sets. For more than three data sets, the proof can be trivially
extended.

Consider the product of three coherence matrices C12, C23

and C31,

C123 = C12C23C31

= R
−1/2
11 R12R

−H/2
22 R

−1/2
22 R23R

−H/2
33 R

−1/2
33 R31R

−H/2
11

= R
−1/2
11 A1Rs1s2 A

H
2 R−1

22 A2︸ ︷︷ ︸
P

Rs2s3

×AH
3 R−1

33 A3︸ ︷︷ ︸
Q

Rs3s1A
H
1 R

−H/2
11 . (4)

The cross-covariance matrices R12, R23, and R31 do not
include any noise terms as the noise is uncorrelated with the
source signals and also between any two data sets. Let us
expand the expression for matrix P as

P = AH
2 R−1

22 A2

= AH
2 (A2A

H
2 +Rn2n2

)−1A2.

Applying the matrix inversion lemma,

P = AH
2 (R−1

n2n2
−R−1

n2n2
A2(IQ2 +AH

2 R−1
n2n2

A2)
−1

×AH
2 R−1

n2n2
)A2

= AH
2 R−1

n2n2
A2 −AH

2 R−1
n2n2

A2(IQ2
+AH

2 R−1
n2n2

A2)
−1

×AH
2 R−1

n2n2
A2.

Let B = AH
2 R−1

n2n2
A2. Therefore,

P = B−B(IQ2
+B)−1B

= B−B(IQ2
+B)−1(B+ IQ2

− IQ2
)

= B−B(IQ2
− (IQ2

+B)−1)

= B−B+B(IQ2
+B)−1

= B(IQ2 +B)−1. (5)

Typically the matrix B� IQ2
when the signal to noise ratio

is high. Then, (IQ2 +B)−1 ≈ B−1, hence,

P ≈ IQ2
. (6)

Using the same derivation, it can be shown that

Q ≈ IQ3
. (7)

Inserting the approximate values of P and Q in (4), we get

C123 ≈ R
−1/2
11 A1Rs1s2Rs2s3Rs3s1A

H
1 R

−H/2
11 .

Since all other matrices are full rank, the rank of C123 will
be equal to d when the approximations in (6) and (7) apply:

rank(C123) = d, when P = IQ2 and Q = IQ3 . (8)

Thus, the singular values of C123 are of the form,

γ1 ≥ γ2 ≥ . . . ≥ γd > γd+1 = . . . = γm1
= 0, (9)

where the first d largest singular values are non-zero and the
rest are equal to zero. The matrices P and Q will approach
identity matrices as the SNR approaches infinity. However,
when these approximations are not valid, the rank of C123

will generally be greater than d.

IV. HYPOTHESIS TESTING USING BOOTSTRAP

A popular approach to the problem of model-order selection
is to perform a series of binary hypothesis tests. In our context,
this means that, starting with source counter s = 0, we test
the null hypothesis Hs : “s correlated sources” against the
alternative Hs+ : “more than s sources correlated among the
data sets”. If Hs is rejected, s is incremented and another test
of Hs vs. Hs+ is run. This is repeated until Hs is not rejected
or s reaches its maximum possible value.

This approach, however, requires a statistic whose (asymp-
totic) distribution under the null hypothesis is known. In [12],
we derived a generalized likelihood ratio test (GLRT) by
assuming that the signals correlated between any two data
sets are also correlated across the remaining data sets. This
assumption makes the problem of maximizing the likelihood
under the unknown parameters tractable [6]. However, with ar-
bitrary correlation structure among the signals, as described in
the previous sections, deriving a GLRT becomes challenging.
The bootstrap is a resampling technique that can be used to
estimate the distribution of a parameter of interest, particularly
when the underlying distribution of the data is unknown or is
too complicated to derive [17].

We consider M independent and identically distributed
(i.i.d.) samples of the data vectors x1, . . . ,xL. Based on the
result in (9), when the null hypothesis Hs is true, only the
first s singular values of the product of coherence matrices
are non-zero. A test statistic to check this is the difference
between arithmetic and geometric mean [18], [20]

Ts =

(
1

m1 − s

m1∑
m=s+1

γ̂m

)
−

(
m1∏

m=s+1

γ̂
1

m1−s
m

)
for s = 0, . . . ,m1 − 1. (10)

The value of this statistic under the null hypothesis will be
close to zero as the sample singular values γ̂m are close
to zero. The distribution of Ts under the null hypothesis is
estimated using the bootstrap as [18]

TH
s (b) = T ∗

s (b)− Ts for b = 1, . . . , B,
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where B denotes the number of bootstrap resamples, T ∗
s (b)

is the bootstrap test statistic obtained from (10) by using the
singular values γ̂∗m estimated from the bth bootstrap resampled
data sets, x∗

1, . . . ,x
∗
L. The significance value for the hypothesis

test Hs is [18]

Ps =
1

B

B∑
b=1

I
(
|Ts| ≤ |TH

s (b)|
)

where I(·) is the indicator function. Thus, we propose the
decision rule for a given value of probability of false alarm,
Pfa,

d̂ = min
s=0,...,m1−1

{s : Ps ≥ Pfa}. (11)

The min-operator choses the smallest s such that Ps ≥ Pfa. If
there is no such s, it chooses s = m1 − 1.

V. NUMERICAL RESULTS

The performance of the proposed detector is evaluated using
Monte Carlo simulations and compared with i) the information
theoretic criterion (ITC)-based minimum description length
(MDL) detector of [6], ii) Max-Min detector in [12] and
iii) detector in [13]. All the competing detectors assume a
particular correlation structure among the source signals. The
results are shown for five data sets with dimensions m1 = 14,
m2 = 18, m3 = 20, m4 = 22, m5 = 24, each having Qi = 6
Gaussian distributed signals with unit variance and M = 400
samples1. The mixing matrices are randomly generated unitary
matrices. The added Gaussian noise is autoregressive (AR)
of order 3 with coefficient vector [2.82, 1, 1]. The number of
bootstrap resamples is B = 500 and Pfa = 0.05. The SNR per
signal component is defined as

SNR = 10 log10

(
1

σ2
n

)
,

where σ2
n is the variance of the white noise component before

applying AR filtering. The SNR is the same for all data sets.
For each data point, we ran 500 independent trials.

Figure 3a shows the mean of the estimated value d̂ as a func-
tion of the per-component SNR when the correlation structure
between the source signals is chosen such that dij = d = 2
∀(i, j) ∈ {1, . . . , L}, i 6= j, i.e., the assumption of [6], [12]
and [13] applies. In this case, all the detectors approach the
true number of correlated signals as the SNR increases. Since
the detectors of [12], [13] are designed specifically for the
sample-poor regime and incorporate a principal component
analysis (PCA) pre-processing step, they approach the true
value faster compared to the proposed and the MDL detectors.

Next, Figure 3b shows the performance for a correlation
structure where the assumption in [6], [12] and [13] does
not apply. In this setup, d = 2, but there are signals that
are correlated across some data sets but not all i.e. dij > d
∀(i, j) ∈ {1, . . . , L}, i 6= j. It can be observed that the com-
peting detectors overestimate the number of correlated signals,

1MATLAB code for our and the competing techniques is available at https:
//github.com/SSTGroup/Correlation-Analysis-in-High-Dimensional-Data/
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Fig. 3: Mean of the estimated number of correlated signals
for the proposed detector and competing detectors in [6], [12],
[13] for five data sets with d = 2 correlated signals. (a) The
number of pairwise correlated signals, dij = d = 2 ∀(i, j) ∈
{1, . . . , L}, i 6= j, i.e. assumption in [6], [12], [13] is satisfied.
(b) Correlation structure does not satisfy assumption in [6],
[12], [13] (Refer to the legend of Fig. 3a for the meaning
of the colored markers). For all cases and all detectors, the
variance of d̂ is small.

d, as the SNR increases, whereas the proposed technique
continues to give the right answer.

VI. CONCLUSION

We have presented a bootstrap-based hypothesis testing
technique for detecting the dimension of the subspace common
across multiple data sets. Compared to previous works, the
proposed technique does not make any assumption on the
correlation structure among the latent signals present in the
data sets.
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APPENDIX
PROCEDURE FOR GENERATING THE PRODUCT OF

COHERENCE MATRICES

The indices i and j for generating the product of coherence
matrices are chosen using the following procedure:

• If L is odd, N = (L − 1)/2 groups of data pairs are
formed.

1) For n = 1, 2, . . . , N , repeat the following steps to
generate the nth group:
a) Set i = 1.
b) Compute

j =

{
mod(i+ n,L) if i+ n 6= L,

L if i+ n = L.

c) Include Cij in the product of coherence matrices.
d) If j = 1, then this group is complete. If j 6= 1,

then let i = j and go back to Step 1b.
2) Include the Cij’s determined for all groups in the

product of coherence matrices.
• If L is even, perform this procedure for L + 1 data sets

with the following modification: For each group n, there
will be two pairs {i, L+1} and {L+1, j}. Remove these
and instead include {i, j} in the product.

For instance, for L = 5, the following N = 2 groups of
data pairs can be formed.

• n = 1 : {1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 1}.
• n = 2 : {1, 3}, {3, 5}, {5, 2}, {2, 4}, {4, 1}.

The two groups are combined to generate the indices for the
product of coherence matrices. For L = 4, again the data pairs
for L = 5 are generated. In the first group, {4, 5} and {5, 1}
are replaced with {4, 1}, and in the second group, {3, 5} and
{5, 2} are replaced with {3, 2}. Hence:

• n = 1 : {1, 2}, {2, 3}, {3, 4}, {4,1}.
• n = 2 : {1, 3}, {3,2}, {2, 4}, {4, 1}.
For an odd number of data sets, following this procedure

will mean that each pair of coherence matrices appears in the
product exactly once. However, for an even number of data
sets, d(L− 1)/2e number of pairs will be repeated, where de
denotes the ceiling function.
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